) is of m-dimensional measure
2 zero without further hypothesis on q; if m>n, the set of critical values of the map (1.1) is of n-dimensional measure zero providing that q^m -n + 1. Using an example due to Hassler Whitney 3 we show that the hypothesis on q cannot be weakened. We prove also that the critical values of (1.1) corresponding to critical points of rank zero constitute a set of (m/q)-dimensional measure zero.
The idea of considering the measure of the set of critical values of one function or of several functions is due to Marston Morse.
The first result stated above reduces, if » = 1, to the known theorem : The critical values of a function of m variables of class C m constitute a set of linear measure zero. A. P. Morse 4 has given a proof of this theorem for all m. In the present paper we make use of one of A. P. Morse's results. 
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In a study of functional dependence, 5 A. B. Brown has shown that the set of critical values of (1.1) corresponding to a closed bounded set of critical points is nowhere dense providing that q satisfies certain conditions. The theorems of the present paper imply this particular result. where c 8 is, for integral s, the ^-dimensional volume of a sphere of unit diameter in s-space. 
Let wo be the image of Xo under (3.1); and let / be the Jacobian matrix of (3.1). Since \j\ =AT £ 0 at x 0 , the inverse of (3.1)
exists and is of class C q near w 0 . In terms of the new variables u the map (1.1) is
Let 9K' be the functional matrix ||j^| Warsaw, 1937, pp. 53-54. 7 We make use of this fact for the case | A | = 0 only. PROOF. We consider first the set A of critical points of rank zero. We shall show that there is a neighborhood N of each point of A such that f(NA), the image of NA under (1.1), is an m-null set. As A can be covered by denumerably many such neighborhoods N it will follow that ƒ (-4) is an m-null set.
Let N be an open m-cube 8 whose closure is in R. Suppose that X\ is a point of NA and #2 is a point of N. Let y e =ƒ(#«) (0 = 1, 2). Then by the mean value theorem, Therefore given a>0 and e>0, there exists a G>0 such that if C(7) contains a point of A, y <G implies that
Consider the set of all cubes C(y) centered at points of NA and such that 7 <G. By a theorem related to Vitali's covering theorem, 9 there exists a sequence { Ci, C2, • • • } of cubes of this set which covers all of NA and is such that 8 By a cube we mean a cube with sides parallel to the axes. 9 Hans Rademacher, Eineindeutige Abbildung und Messbarkeit, Monatshefte fiir Mathematik und Physik, vol. 27 (1916) , Theorem II, p. 190, with "circles centered at P" replaced by "squares centered at P." It is not necessary to use the theorem related to Vitali's covering theorem. One may instead consider a network of cubes; or one may give a proof like A. P. Morse's proof of his Theorem 4.3 (loc. cit., pp. 68-69). This remark applies also to our later applications of the theorem related to Vitali's covering theorem. The author is indebted to A. P. Morse for his having suggested the applicability of Vitali's covering theorem. Hence f(NA) is an ra-null set. This completes the first part of the proof.
We consider now the set B of critical points of rank r, where r is any positive integer less than m. To prove that f(B) is an ra-null set we shall show that there is a neighborhood N of each point of B such that f(NB) is an m-null set.
Consider a point XQ of B. Introduce the change of variables of §3 and consider the map (3.2, 3.3) in a closed cube K centered at u 0 . Let D be the set of critical points of (3.2, 3.3) of rank r in K.
Suppose that U\ is a point of D and u^ is a point of K. Let y e = F(u e ) (e=l, 2). Then by the mean value theorem, Let p be the positive integer determined by the relation Km~r) .
(Note that the first member of (4.11) is greater than 1, as it should be.) Then y <G implies that d<aby (4.7), (4.9) and (4.10), since 2^> 1 ; and y <G also implies that (4.12) Ô < ^Km-r)^yyrKm-r) y by (4.7), the first half of (4.11) and (4.10). Now consider all strips 5 containing points of D. There are at most 2 rp such strips; for these
by (4.12) and the second half of (4.11). Thus y <G implies that there are sets covering F[DC(y) ] each of whose diameters is less than a and the sum of the mih powers of whose diameters is less than rj | C(y) |.
Consider the set of all cubes C{y) centered at points of D and such that y <G. As before, a sequence { Ck} of these cubes covers D and is such that (4.14) Z|C*| ^|tf| + l. 
is any function of class C q whose critical set includes A and if x\ and xi are points of Ak, then
. Critical points of rank zero. We prove Theorem 6.1.
THEOREM 6.1. Let A be the set of critical points of rank zero of the map (1.1). Then f (A) is an s-null set if s^m/q.
PROOF. Decompose A into the subsets of Theorem 6.1. Then ƒ (A o) is denumerable and hence is an 5-null set. We shall prove that ƒ (A k) is an s-null set (k -1, 2, • • • ). It will follow that ƒ (^4) is an s-null set.
Consider a non-empty Ak (k fixed and positive). For simplicity put B=A lc . Given a>0 and e>0. Given a point x of B. Let C(y) be the closed cube of side y centered at x. By continuity and Theorem 5.1 there is a positive G x < 1 such that y <G X implies that 10 Loc. cit., Theorem 4.2. By denumerable we mean denumerably infinite or finite.
The sets ^4* (^ = 1, 2, -• • ) are condensed; however we do not make use of this property. The symbol |#2--tfi| denotes the distance between Xi and x%. Consider the set of all cubes C(y), y <G X , centered at points x of B. As before, a sequence {Ck} of these cubes covers B and is such that in the unit cube. The map (8.1) is of class C m~n , but the critical values of (8.1) do not constitute an w-null set. Indeed the set of critical values of (8.1) is the unit cube and is thus of w-dimensional measure 1.
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